Abstract. We prove that the sequence of projective representations of the mapping class group obtained from the projective flat connection in the Verlinde bundle over Teichmüller space constructed independently by Axelrod, Della Pietra and Witten and by Hitchin is asymptotically faithful, that is the intersection over all levels of the kernels of these representations is trivial, whenever the genus of the underlying surface is at least 3. For the genus 2 case, we prove that this intersection is exactly the order two subgroup, generated by the hyperelliptic involution.
Introduction
In 1984 V. Jones [J1] used his basic construction for a subfactor to constructed a polynomial invariants of links in the 3-sphere, now known as the Jones polynomial of links. He obtained the invariant by constructing representations of the braid groups in the Temperley-Lieb algebra naturally equipped with a Markov trace stemming from his basic construction. This knot invariant turned out to very powerful, but it lacked an intrinsic 3-dimensional definition. Such an intrinsic definition was proposed by E. Witten in 1989 [W1] using Chern-Simons quantum field theory in 3 dimensions. In fact Witten also offered, by the use of quantum gauge field theory in the language of path integrals, a generalization of the Jones polynomial to a full Topological Quantum Field Theory (TQFT) providing invariants of pairs consisting of oriented compact 3-manifolds and knots inside them. -Furthermore, Witten indicated a so called Hamiltonian approach to these TQFT's relating them to geometric quantization of the moduli space of flat connections of compact 2-dimensional manifolds and therefore to 2-dimensional conformal field theory. He also briefly discussed the possibility to use perturbation theory to evaluate the path integral formulae for these invariants.
Shortly there after Reshetikhin and Turaev [RT1] , [RT2] provided a rigorous combinatorial construction of these TQFT's using quantum group techniques. Subsequently Blanchet, Habegger, Masbaum and Vogel gave a purely topological construction of these TQFT just using the Kauffman bracket (see [BHMV1] , and [BHMV2] ). There has since then been a tremendous activity in the combinatorial study of these invariants, braching into the area of the associated combinatorial perturbative invariants of both knots and 3-manifolds, most notably by the work of Kontsevich [Kon] constructing universal Vassiliev invariants of links and by the work of Le, Murakami and Othsuki [LMO] constructing universal fininte type invariants of homology sphere, making contact with the combinatorial definition of the Casson invariant.
In parallel to this, work has been done in terms of completing the gauge-theoretic construction of these TQFT suggested by E. Witten. Most notably are the works of Axelrod, Della Pietra and Witten [ADW] , Hitchin [H] , Faltings [Fal] and Thaddeus [Th] , Beauville & Laszlo [BL] , Narasimhan and Ramadas [NR] , Ramadas [R] and Laszlo [La1] all centered around the application of geometric quantization on the moduli space of flat connections on surfaces, culminating in a gauge theoretic construction of the representations of the mapping class groups in these TQFT's.
-So fare the program of proving all the axioms of a full TQFT has however not been completed from this purely gauge-theoretic point of view.
Moreover, somewhat separate from the above, much activity has been devoted to understanding the (symplectic) geometry and topology of these and the related moduli spaces of Yang-Mills connections on 2-dimensional surfaces, e.g. see the work of Witten [W2] and [W3] and the work of Jeffrey and Kirwan [JK] , just to mention a few.
On the conformal field theory side, further progress was made in the direction of providing a full construction of a modular functor, which in turn will provide the basis for another combinatorial construction of these TQFT's, namely the construction of TQFT from Modular functors. Here the works of Segal [Se] and Tsuchiya, Ueno and Yamada [TUY] stand out. In collaboration with K. Ueno (see [AU] ), the author is working on providing a full construction of a modular functor based solely on the techniques of [TUY] . Once this is complete, it can be combined with the results of Laszlo [La1] , to establish that the representations of the mapping class groups constructed via geometric quantization of the moduli space of flat connections on a surface, can be extended to a full modular functor. Further joint work with K. Ueno is ongoing to establish that the resulting TQFT is identical to the one constructed by Reshetikhin and Turaev mention above.
The status today is that the combinatorial approach provides complete constructions of these TQFT's, but it seems rather hard to understand the theories from this point of view. In particular how these quantum invariants relates to the vast knowledge of 3-manifolds, e.g. relations to algebraic topological invariants like the first fundamental group and to the geometrization program of Thurston [Bth] .
The gauge-theoretic approach is today incomplete, but offers an alternate way to understand these TQFT's and may provide a bridge to furthering our knowledge of 3-dimensional topology. Below we give a proof of the asymptotic faithfulness conjecture using the gauge-theoretic approach, We discovered this conjecture by studying this gauge-theory approach to these quantum invariants.
As will be described in details in section 2 and 3 by applying geometric quantization to the moduli space M of flat SU (n)-connections on an oriented closed surface Σ, one get a certain finite rank bundle over Teichmüller space T , which we will call the Verlinde bundle and denote Vk, since it depends on an integer k called the level of the theory. The fiber of this bundle over a point σ ∈ T is Vk = H 0 (M σ , L k ), where M σ is M equipped with a complex structure induced from σ and L is an ample generator of the Picard group of M σ .
The main result pertaining to this bundle Vk is that its projectivization P(Vk) supports a natural flat connection. This is a result proved independently by Axelrod, Della Pietra and Witten [ADW] and by Hitchin [H] . Now since there is an action of the mapping class group Γ of Σ on Vk covering its action on T , which preserves the flat connection in P(Vk), we get for each k a finite dimensional projective representation, say ρ k , of Γ, namely on the covariant constant sections of P(Vk) over T . In this paper we prove the Asymptotic faithfulness conjecture: Theorem 1.1. For n = 2 we have that
where g is the genus of the surface Σ and H is the hyperelliptic involution.
This theorem states that for any element φ of the mapping class group Γ, there is an integer k such that ρ k (φ) is not a multiple of the identity.
The key ingredient in our proof is the use of the endomorphism bundle End(V k ) and the construction of sections of this bundle via Toeplitz operators associated to smooth functions on the moduli space M . By showing that these sections are asymptotically flat sections of End(V k ) (see theorem 5.1 for the precise statement), we prove that any element in the above intersection of kernels acts trivial on the smooth functions on M , hence act by the identity on M (see the proof of Theorem 6.1). From this the claimed theorem above follows directly.
This paper is organized as follows. In section 2 we give the basic setup of applying geometric quantization to construct the Verlinde bundle over Teichmüller space. In section 3 we review the construction of the flat connection in the projective Verlinde bundle. In section 4 we review the general results about Toeplitz operators, we need here. In section 5 we prove that the Toeplitz operators for smooth functions on the moduli space give asymptotically flat sections of the endomorphism bundle of the Verlinde bundle. Finally, in section 6 we prove the asymptotic faithfulness conjecture, Theorem 1.1 above.
Finally, we note that it is an interesting problem to understand how the Toeplitz operators constructions used in this paper is related to the deformation quantization of the moduli spaces described in [AMR1] and [AMR2] .
We presented the full proof of Theorem 1.1 during our talk on the 30'th of March at the workshop at MSRI March 28 -April 5, 2002 entitled "Higgs bundles/NonAbelian Hogde Theory" (available electronically from the MSRI web page at http://www.msri.org).
The asymptotic faithfulness conjecture above and the proof presented in this note, except for a proof of Theorem 5.1, was presented by the author of this paper in a series of lectures in Seattle at Microsoft Research this winter.
After the above mention MSRI-workshop, we have been informed that Freedman and Walker will present a proof of the asymptotic faithfulness conjecture for the BHMV-representations, using the different techniques and approach of Blanchet, Habegger, Masbaum and Vogel to their TQFT. At the time of this writing we do not know of a complete proof that the BHMV-representations are the same as the gauge theory representations studied in this paper, but this is certainly expected.
The gauge theory construction.
Let Σ be a closed oriented surface of genus g ≥ 2 and p ∈ Σ. Let P be a principal G = SU (n)-bundle over Σ. Clearly all such P are trivializable. Let ξ be an element of the center of G. Let M be the moduli space of flat G-connections in P | Σ−p with holonomy ξ around p. We can identify
where Hom ξ , means the space of homomorphism of π 1 (Σ − p) to G, which sends a little loop around p to ξ.
We choose an invariant bilinear form {·, ·} on g = Lie(G), normalized such that − 1 6 {ϑ ∧ [ϑ ∧ ϑ]} is a generator of the image of the integer cohomology in the real cohomology in degree 3 of G, where ϑ is g -valued Mauer-Cartan 1-form on G.
This bilinear form induces the structure of a symplectic stratified space on M . Let M ′ ⊂ M consist of the irreducible representations. It is well know that M ′ is smooth and dense in M and represents the top stratum in this stratification. In fact
where A is any flat connection in P representing a point in M ′ and d A is the induced covariant derivative in the associated adjoint bundle. Using this identification, the symplectic structure on M ′ is very easily described:
where ϕ i are d A -closed 1-forms on Σ with values in ad P .
We have a natural action of Γ, the mapping class group of Σ, on M induced by pull back. Following Ramadas, Singer and Weitsman [RSW] and Freed [Fr] , we will now constructs a Hermitian line bundle with a connection L over M with a natural lift of the Γ-action on M . We only review the case ξ = 1 here and refer the reader to [Fr] for the general case.
Choose a trivialization of P . Let A be the space of SU (n)-connections in P and AF the subset of flat connections. The trivialization of P gives a base point A 0 in A. LetL = A × C with the natural Hermitian structure inherited from C. Let θ be the 1-from on A given by
where a ∈ T A A = Ω 1 (Σ, ad P ). Then θ determines a Hermitian connection inL. Let
be the Wess-Zumino-Witten cocycle, see [Fr] . We remark in parsing that the WZWcocycle can be expressed in terms of the Chern-Simons functional. Now define
The Hermitian connection is invariant under this lift of the action of G on A, hence we get a topological line bundle over M , which is smooth over
By an almost identical construction we can lift the action of Γ on M to act on L such that the Hermitian connection is preserved (See e.g. [A1] ).
Let now σ ∈ T be a complex structure on Σ. Let us review how σ induces a complex structure on M which is compatible with the symplectic structure on this moduli space. The complex structure on Σ induces a * -operator on 1-forms and we get via Hodge theory that
On this kernel, consisting of the harmonic 1-forms with values in ad P , the * -operator acts and its square is −1, hence we get an almost complex structure on M ′ by letting I = − * . It is a classical result by Seshadri, that this actually makes M ′ a smooth Kähler manifold, which as such, we denote M ′ σ . By using the (0, 1) part of ∇ in L, we get an induced holomorphic structure in the bundle L | M ′ .
From a more algebraic geometric point of view, we let M σ be the moduli space of S-equivalence class of semi-stable bundles of rank n and determinant isomorphic to d [p] , where d is an integer representing ξ under the natural identification of the center of G with Z /n Z. By using Mumford's Geometric Invariant Theory, Narasimhan and Seshadri (see [NS] ) showed that M σ is a complex algebraic projective variety homeomorphic to M , such that the quasi-projective sub-variety M s σ consisting of stable bundles is isomorphic as Kähler manifolds to M ′ σ . Referring to [DN] we recall that 
Pic(M
where L is the holomorphic line bundle over M ′ σ constructed above. It follows from this theorem, that the line bundle L extends to all of M σ and as such we also denote it L. By Hartog's theorem it follows that
for all integers k. In particular, we see that this is a finite dimensional vector space.
Definition 2.1. The Verlinde bundle Vk over Teichmüller space, is by definition, the bundle, whose fiber over
, where k is a positive integer.
The projectively flat connection.
In this section we will review Axelrod, Della Pietra and Witten's and Hitchin's construction of the projective flat connection over Teichmüller space in the Verlinde bundle.
Let H be the trivial C ∞ (M, L k )-bundle over T which contains Vk, the Verlinde sub-bundle. If we have a 1-parameter family of complex structures σ t on Σ, then that induces a one parameter of complex structures on M , say I t . In particular we get σ
Following Hitchin, we give an explicit formula for G:
The tangent space to Teichmüller space at σ is given by
Furthermore the co-tangent space to the moduli space of semi-stable bundles at the equivalence class of a stable bundle E is given by
Thinking of G ∈ Ω 0 (M, S 2 (T )) as a quadratic function on T * M , we have that
From this formula, it is clear that G ∈ H 0 (M, S 2 (T )). Suppose we have a section s t ∈ C ∞ (M, L k ) over σ t , which actually is contained in the Verlinde sub-bundle. Then the covariant derivative in the direction of σ ′ is given by∇
where
The leading order term ∆ G , which is a 2'nd order operator, is given by
The function F is the Ricci potential determined by the following equation
The function f G is a solution to the following equation
We note that f G is unique up to a scalar. If we further constrain f G to have zero average over M , then there is a unique such function.
Theorem 3.1 (Axelrod, Della Pietra & Witten; Hitchin) . The expression (1) above defines a unique connection in the bundle P(Vk), which is flat.
We remark that Faltings has established this theorem in the case of general semi-simple Lie groups G, (see [Fal] ).
Toeplitz operators on compact Kähler manifolds.
In this section (M, ω) will denote a compact Kähler manifold on which we have a holomorphic line bundle admitting a compatible Hermitian connection, whose curvature is the symplectic form ω. For each f ∈ C ∞ (M ) consider the associated
given as the composition of the multiplication operator
Sometimes we will suppress the superscript (k) and just write T f = T
f . Let us here give an explicit formula for π: On H 0 (M, L k ) we have the inner product:
ij be the inverse matrix of h ij . Then
Let us end this section with a couple of general norm estimate on Toeplitz operators due to Bordemann, Meinrenken and Schlichenmaier (see [BMS] and [Sch] ), which we will need here.
Theorem 4.1 (Bordemann, Meinrenken and Schlichenmaier). For any f ∈ C ∞ (M ) we have that 
5. Toeplitz operators on moduli space and the projective flat connection.
Let f ∈ C ∞ (M ) be a smooth function on the moduli space, e.g. a holonomy function. We consider T
as a section of the endomorphism bundle End(V k ). The flat connection in the projective bundle P(Vk), induces a flat connection in the endomorphism bundle End(V k ). We claim that the sections T Theorem 5.1. Let σ 1 and σ 2 be two points in Teichmüller space and P σ1,σ2 be the parallel transport in the flat bundle End(V k ) from σ 1 to σ 2 . Then
where · is the operator norm on
The proof of this theorem requires a little preparation. Let us first investigate the derivative of the orthogonal projection with respect to the variation of the complex structure.
Along some one parameter family of complex structures σ t consider a basis of covariant constant sections (s 1 , . . .
The projection π, as we saw above, is then given by
An easy computation gives that
Hence we conclude that Lemma 5.1.
Claim 5.1.
(1 − π)Aπ = 0.
For a section s such that s ′ = u G (s) and πs = s, we get that
by such sections, we get that
From this claim we get that
Proposition 5.1.
Proof. We observe that Aπ is the sum of the following two terms
Recall that
Using the symbol calculus of Toeplitz opeartors by Boutet de Monvel and Guillemin (see [BG] ), one can easily check that π∆ G π, π∆ *
* f π are all zero order Toeplitz operators. Another way of seeing the same thing is to use that (
* using this formula for (∇ 1,0 ) * , we see they are obviously zero order operators, when restricted to
. But now the adjoint of a zero order Toeplitz operator is of course again zero order. Now we appeal to the general fact that the operator norm on H 0 (M, L k ) of any zero order Toeplitz operator is uniformly bounded in k. Hence, when we scaled any of these operators by 1 2(k+n) , the operator norm of these terms clearly go to zero as k goes to infinity. The proposition now follows from an application of theorem 4.2, which gives that
Proof of theorem 5.1. By integrating over a curve in T from σ 1 to σ 2 the desired result follows from Proposition 5.1.
6. The asymptotic faithfulness conjecture and the proof.
From the flat connection on the bundle P(Vk) we get a projective representation of the mapping class group
where P(Vk) = covariant constant sections of P(Vk) over Teichmüller space. Proof. Suppose we have a φ ∈ Γ such that φ ∈ ∞ k=1 ker ρ k . Then we get the following commutative diagram for any σ ∈ T
where P φ(σ),σ :
on the horizontal arrows refer to parallel transport in the Verlinde bundle itself, whereas on the last vertical arrow it refers to the parallel transport in the endomorphism bundle End(V k ). Since P φ(σ),σ • φ * = ρ k (φ) ∈ C Id by assumption, we get for any σ ∈ T that Proof of Theorem 1.1. Our main theorem 1.1 now follows directly from Theorem 6.1, since it is known that the only element of Γ, which acts by the identity on the SU (2) moduli space M is the identity, if g > 2 and if g = 2, it is contained in the sub-group generated by the hyper-elliptic involution. A way to see this using the techniques of Higgs bundles goes as follows: For n = 2 we have that M is a real slice in the SL(2, C) moduli space M, hence if φ acts by the identity on M , it will also act by the identity on an open neighbourhood of M in M, since it acts holomorphic on M. But since M is connected, φ must acts by the identity on the entire SL(2, C)-moduli space M. Now T Teichmüller space is also included in M, hence we get that φ acts by the identity on T . But then the statement about φ follows by classical theory of how Γ acts on T .
